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Abstract— Control of lightly damped mechatronic systems
is often accomplished in practice with a PID-like controller
in series with a filter to limit the effects of high frequency
resonances. The high frequency filtering is often limited by an
inability to precisely match multiple lightly damped resonances
with a digital filter, and by the extra computational delay of the
such filters. The multinotch is a filter topology that addresses
these issues, allowing for precise matches to many lightly
damped resonances and anti-resonances, while maintaining a
small and fixed computational delay [1]. Coefficient adjustments
for higher precision when the resonant dynamics to be filtered
span a large frequency range are described in [2].

I. INTRODUCTION

Control of lightly damped mechatronic systems is often
accomplished in practice with a PID-like controller in series
with a filter to limit the effects of high frequency resonances
as diagrammed in Figure 1. The high frequency filtering
is often limited by an inability to precisely match multiple
lightly damped resonances with a digital filter, and by the
extra computational delay of the such filters. The multinotch
is a filter topology that addresses these issues, allowing
for precise matches to many lightly damped resonances
and anti-resonances, while maintaining a small and fixed
computational delay.

Two issues that must be addressed when using digital
filtering in a feedback loop are numerical issues and com-
putational latency. Numerical issues typically come from the
implementation of algorithms and filters in finite word length
arithmetic. In particular, high order polynomial filters lose
both physical intuition and numerical sensitivity because of
how physical parameters get compressed into coefficients.
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Fig. 1. A practical digital control loop for a mechatronic system. The
digital controller is often implemented as a PID like controller in series
with filtering to lower the effect of high frequency resonances.

The phase lag due to latency in a feedback loop erodes
stability and performance characteristics. For a causal filter,
the latency is in part determined by the filter length. That is,
if a filter has N taps and a sample period of TS , then the
average latency through the filter will be N

2 TS . IIR filters are
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Fig. 2. Input and output timing in a digital control system. The top
drawing is without precalculation; the bottom drawing is with. Note that
precalculation can be started as soon as the output has been sent to the DAC
and therefore is in parallel with the DAC conversion time. The computation
time, TCOMP , of the top diagram is now split into TPRECALC + TFC

where TPRECALC is the computation time needed for the precalculation
and TFC is the time needed for the final calculation after the input sample.
Modulo some small programming overhead, the split time should equal the
total computation time. Here TSH , TADC , and TDAC represent the sample
and hold, ADC conversion, and DAC conversion times, respectively.

usually favored over FIR filters in feedback loops, as they can
achieve similar bandwidth shaping with considerably smaller
average delay.

The second source of latency is simply the time required
to compute the filter equations between the time that a new
sample comes into the filter and the filter produces its output.
This delay is generally - but not necessarily - less than one
sample period, but it is complicated by the fact that it can
change with the number of taps in a filter. That is, a 2nd
order filter obviously takes fewer computation steps than a
10th order filter. This variable latency can cause unexpected
problems with the control loop. A standard technique to
minimize this variable latency is to compute everything that
does not depend upon the most recent sample ahead of time
in a precalculation [3], diagrammed in Figure 2. Once the
most recent sample arrives, the last few calculations are
performed and the filter output is produced. This has the
benefit of not only minimizing the computational latency,
but also of making it independent of filter length.

However, doing a precalculation usually involves using a
form of the digital filter that can have numerical issues with
finite word length. The structure of the multinotch allows it
to minimize the computational latency using precalculation,
while still preserving the numerical properties needed for
finite word length arithmetic.
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II. DIGITAL FILTER EQUATIONS AND BIQUADS
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Fig. 3. An nth order polynomial filter in Direct Form II configuration [4].

Single-Input, Single-Output (SISO) digital filters, as
shown in Figure 3, can be represented as transfer functions
in the unit delay operator, z−1 which lends itself readily
to real-time implementation in assembly [5] or a high level
language:

Y (z−1)

U(z−1)
=

b0 + b1z
−1 + b2z

−2 + . . .+ bnz
−n

1 + a1z−1 + a2z−2 + . . .+ anz−n
(1)

The transfer function in(1) is not unique but has an advantage
in that the coefficient of the current output term, y(k), is 1,
so the filter implementation is:

y(k) = −a1y(k − 1)− a2y(k − 2)− . . .− any(k − n)

+b0u(k) + b1u(k − 1) + . . .+ bnu(k − n). (2)

Looking at (2), we see that y(k) depends mostly on
previous inputs and outputs. The only current value needed
is u(k) and this is only multiplied by b0. So we can break
this up into [6]:

y(k) = b0u(k) + prec(k), where (3)

prec(k) = −a1y(k − 1)− . . .− any(k − n)

+b1u(k − 1) + . . .+ bnu(k − n), (4)

and prec(k) depends only on previous values of y(k) and
u(k). This means that prec(k) can be computed for step
k immediately after the filter has produced the output for
time index, k − 1 [3]. When the input at time step k, u(k),
comes into the filter, it needs merely be multiplied by b0 and
added to prec(k) to produce the filter output. Thus, the delay
between the input of u(k) and the output of y(k) is small
and independent of the filter length.

The problem with polynomial filters is that the elements
that generate discrete filter coefficients can become extremely
sensitive, particularly when they relate to high Q elements
near the unit circle. As these get multiplied together to form
the polynomial coefficients, not only is physical intuition
completely lost, but the coefficients become even more sus-
ceptible. This is particularly true with fixed point arithmetic

used in many DSP and FPGA (Field Programmable Gate
Array) implementations. Thus, what we would like to do is
implement the filter of (1) as a series of second order filters,
known as biquads, but still maintain the ability to do final
calculations in the form of (3) [5].
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Fig. 4. A second order polynomial filter in Direct Form II, known as a
digital biquad filter.

Biquads are second order sections that typically are numer-
ically well behaved. For example, if we implement a 10th

order filter using 5 biquads, coefficient quantization issues
that we might get with a 10th order polynomial filter are
localized to each biquad and therefore limited. The latter
might be something that we would do if we had a floating
point DSP chip, but would not be advisable for fixed point
calculations such as the ones that we do on the FPGA. So,
the biquad of Figure 4 would look like:

Y0(z)

U0(z)
= N0(z) =

b0,0 + b0,1z
−1 + b0,2z

−2

1 + a0,1z−1 + a0,2z−2
(5)

which gets implemented in the time domain as:

y0(k) = −a0,1y0(k − 1)− a0,2y0(k − 2) + b0,0u0(k)

+b0,1u0(k − 1) + b0,2u0(k − 2) (6)

It turns out that it is easier to implement this using the delay
format [5] which resembles a controller canonical form [7]
in control or a direct form II IIR filter [4], [8], [9]:

d0(k) = −a0,1d0(k − 1)− a0,2d0(k − 2) + u0(k) (7)

y0(k) = b0,0d0(k) + b0,1d0(k − 1) + b0,2d0(k − 2) (8)

Biquads are nice because the growth in values can be limited
by the short nature of the filter. Thus, finite word length
problems are minimized as the sums from the numerator and
denominator can balance each other out for a well designed
filter [5].

As with (2), only one part of the filter actually depends
upon the current input, u(k), and that is the calculation in (6).
Likewise, in (7) only one part of the sum is due to u(k), and
there is only one multiply involving d(k) in (8). Everything
else can be calculated ahead of time. So, we can generate
the precalculation for this form of the biquad as:

d0(k) = prec0,1(k) + u0(k) and (9)

y0(k) = b0,0d0(k) + prec0,2(k) where (10)
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prec0,1(k) =−a0,1d0(k − 1)− a0,2d0(k − 2) and(11)

prec0,2(k) = b0,1d0(k − 1) + b0,2d0(k − 2). (12)

As before, we see that prec0,1(k) and prec0,2(k) depend only
on prior values of the filter input and output and can be
computed ahead of time.

III. HIGHER ORDER FILTERS AS A SERIES OF BIQUADS

N (z)0 N (z)1 N (z)N

input

u(k)

output

y(k)

Fig. 5. Series connection of multiple filters. In our case, these filters are
each a second order digital transfer function (biquad).
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Fig. 6. An expanded realization view of the serial biquad chain from
Figure 5.

If we wish to stack individual blocks of biquads together to
filter out multiple resonances and/or anti-resonances, we can
simply do a serial cascade of blocks as shown in Figure 5,
which could be represented internally as shown in Figure 6.
The problem here is that in this form it is not possible to
do precalculation of anything but the first block, because
the downstream blocks all depend upon the output of the
previous blocks. Consider the example of the two biquad
case, where in we augment Equations 5–8 with:

Y1(z)

U1(z)
= N1(z) =

b1,0 + b1,1z
−1 + b1,2z

−2

1 + a1,1z−1 + a1,2z−2
(13)

which gets implemented in the time domain as:

y1(k) = −a1,1y1(k − 1)− a1,2y1(k − 2) + b1,0u1(k)

+b1,1u1(k − 1) + b1,2u1(k − 2) (14)

The delay forms are:

d1(k) = −a1,1d1(k − 1)− a1,2d1(k − 2) + u1(k) (15)

y1(k) = b1,0d1(k) + b1,1d1(k − 1) + b1,2d1(k − 2) (16)

with precalcs implemented as:

d1(k) = prec1,1(k) + u1(k) and (17)

y1(k) = b1,0d1(k) + prec1,2(k) where (18)

prec1,1(k) =−a1,1d1(k − 1)− a1,2d1(k − 2) and(19)

prec1,2(k) = b1,1d1(k − 1) + b1,2d1(k − 2). (20)

Furthermore, they are stitched in series by letting the
overall input go into biquad 0, the overall output come from
biquad 1 and using the output of biquad 0 as the input to
biquad 1. That is

u0(k) = u(k), y(k) = y1(k), and u1(k) = y0(k). (21)

We see that y1(k) depends on b1,0d1(k), which depends on
u1(k) = y0(k), which depends on b0,0d0(k), which depends
upon u0(k). This is obvious if we try to chain these together:

d1(k) = prec1,1(k) + u1(k) = prec1,1(k) + y0(k)(22)

d1(k) = prec1,1(k) + prec0,2(k) + b0,0 [prec0,1(k)]

+b0,0u0(k) (23)

The output, y1(k) is obtained via:

y1(k) = b1,0d1(k) + prec1,2(k) (24)

y1(k) = prec1,2(k) + b1,0 [prec1,1(k) + prec0,2(k)]

+b1,0b0,0prec0,1(k) + b1,0b0,0u0(k) (25)

We can add in a third biquad:

d2(k) = prec2,1(k) + u2(k) = prec2,1(k) + y1(k)(26)

= prec2,1(k) + prec1,2(k)

+b1,0 [prec1,1(k) + prec0,2(k)]

+b1,0b0,0 [prec0,1(k)] + b1,0b0,0u(k) (27)

and likewise we get y2(k) via

y2(k) = b2,0d2(k) + prec2,2(k) (28)

y2(k) = prec2,2(k) + b2,0 [prec2,1(k) + prec1,2(k)]

+b2,0b1,0 [prec1,1(k) + prec0,2(k)] (29)

+b2,0b1,0b0,0prec0,1(k) + b2,0b1,0b0,0u0(k).

Several things start to emerge about this recursion. First,
there is a definite pattern. Next, we see that we can still
precompute our original precalc sections, but each one is
scaled by some concatenation of bi,0 terms to update the
most recent di(k) and yi(k) values. This means that the
more biquad sections we add, the more multiplications are
required to generate the current di and yi terms once the
u(k) input is available. The further down the chain we go,
the more multiplies need to be computed once the current For
the ith biquad, counting from 0, di(k) requires i multiplies
and yi(k) requires i + 1 multiples (after u(k) is available).
This means that the computational latency grows with filter
length.
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Fig. 7. The updated biquad cascade, with factored out b0 terms.

IV. AN IMPROVED STRUCTURE

A look at Equations 27 and 29 reveals that the problem
lies with the bi,0 terms. If these terms were only 1, then our
problem would be solved. Remembering third grade math,
we note that multiplication is associative, and thus we can
factor out the bi,0 terms from our filters, ending up with an
equivalent cascade of biquads:

Y (z)

U(z)
= Nn(z)Nn−1(z) · · ·N1(z)N0(z) (30)

= bn,0 · · · b1,0b0,0Ñn(z) · · · Ñ1(z)Ñ0(z) (31)

where

Ñi(z) =
1 + b̃i,1z

−1 + b̃i,2z
−2

1 + ai,1z−1 + ai,2z−2
(32)

b̃i,1 =
bi,1
bi,0

, and b̃i,2 =
bi,2
bi,0

. (33)

The direct feedthrough gains are concatenated together as:

b̄ = bn,0bn−1,0 · · · b1,0b0,0. (34)

This structure, shown in Figure 7 has the advantage that:

• It retains the biquad form with the same poles and zeros
as the original filter of Figure 6.

• d̃i(k) and ỹi(k) can be computed from summing pre-
calculated terms with the current input, u(k).

• Once u(k) is available, the computation of y(k) involves
two additions of precalculated terms and one multipli-
cation by b̄. This means that the computational latency
between the measurement input and the filter output is
very small and independent of filter length.

• The coefficients of individual biquad sections are com-
puted independently, retaining most of the physical
intuition in the filter, even after discretization.

• Picking complex pole-zero pairs that are close to each
other generally limits the signal growth in any biquad
block, which is helpful for fixed point math.

• Such a structure can be implemented in such a way
that different biquad sections can be turned on or off.

In this case only the aggregate direct feedthrough gain,
b̄ needs to be adjusted when a biquad block is activated
or deactivated in a real time controller.

Looking at the structure, we see that:

d̃0(k) = DP,0(k − 1) + u(k), (35)

d̃i(k) =

i∑
j=0

DP,j(k − 1) +

i−1∑
j=0

FP,j(k − 1) + u(k), (36)

for i ≥ 1, and

ỹi(k) =

i∑
j=0

DP,j(k − 1) +

i∑
j=0

FP,j(k − 1) + u(k), (37)

for i ≥ 0, where the delay precalculations are

DP,j(k − 1) = −aj,1d̃j(k − 1)− aj,2d̃j(k − 2) (38)

and the output precalculations are

FP,j(k − 1) = b̃j,1d̃j(k − 1) + b̃j,2d̃j(k − 2). (39)

Note that as the signal moves through biquad stages, sums
get added to the precalculation. However, because these
are all scaled the same, the sums that have already been
computed can be reused. The final output, y(k) is obtained
from the last biquad output using b̄ from Equation 34 as

y(k) = b̄ỹn(k). (40)

V. GENERATING COEFFICIENTS

fN,i Center frequency of numerator (Hz)
ωN,i Center frequency of numerator (rad/s)
QN,i Quality factor of numerator
ζN,i =

1
QN,i

Damping factor of numerator

fD,i Center frequency of denominator (Hz)
ωD,i Center frequency of denominator (rad/s)
QD,i Quality factor of denominator
ζD,i =

1
QD,i

Damping factor of denominator

TABLE I

PHYSICAL COEFFICIENTS USED TO SPECIFY A BIQUAD SECTION.

Because this filter is a digital biquad, there are no excess
poles or zeros. Furthermore, using this form where we have
factored the bi,0 gain out of each numerator means that
all the biquads will have a uniform structure. Taking our
design from an analog response of a ratio of a second order
numerator and denominator, we can discretize the poles and
zeros using matched pole-zero mapping [6]. This allows
us to parametrize each biquad section using very physical
parameters, as shown in Table I. The factored out gain, bi,0,
can be used as is, or can be altered so that, for example, the
DC gain of the biquad section will be 1.

Assuming a complex pair of poles (or zeros), mapping
via z = esTS , and recombining the results yields some
straightforward formulas. For ai,2 and b̃i,2 we have

ai,2 = e−2ωD,iTSζD,i (41)
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Fig. 8. Effects of quantization on polynomial filter in the first example of
Table II. The effect is only pronounced for the s2.16 quantization.

b̃i,2 = e−2ωN,iTSζN,i (42)

Whether the poles (or zeros) are a complex pair depends
upon |ζD,i| (|ζN,i|). For |ζD,i| < 1 we have a complex pair
of poles and so

ai,1 = −2e−ωD,iTSζD,i cos
(
ωD,iTS

√
1− ζ2D,i

)
. (43)

If |ζN,i| < 1 we have a complex pair of zeros and so

b̃i,1 = −2e−ωN,iTSζN,i cos
(
ωN,iTS

√
1− ζ2N,i

)
. (44)

While these two cases represent cases when the desired filters
have very sharp peaks or notches (for example to equalize a
response with very sharp notches or peaks), there are other
possibilities. For example setting |ζD,i| = 1 (|ζN,i| = 1)
means that the poles (zeros) are real and equal, so ai,1 (b̃i,1)
are given by:

ai,1 = −2e−ωD,iTSζD,i (b̃i,1 = −2e−ωN,iTSζN,i). (45)

Finally, if |ζD,i| > 1 (|ζN,i| > 1) means that the poles (zeros)
are real and distinct, so ai,1 (b̃i,1 are given by using the cosh
relation:

ai,1 = −2e−ωD,iTSζD,i cosh
(
ωD,iTS

√
ζ2D,i − 1

)
(46)

and

b̃i,1 = −2e−ωN,iTSζD,i cosh
(
ωN,iTS

√
ζ2N,i − 1

)
. (47)

The entire conversion routine, which turns the physical
parameters of Table I into discrete filter coefficients can be
implemented in a short Matlab or Octave function.
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Fig. 9. A comparison of the quantized multinotch to unquantized filters
for the first example of Table II. The curves are practically identical.

Example 1
Biquad # fN,n (Hz) Qn fN,d (Hz) Qd

1 200 10 400 10
2 1000 5 2000 5

Example 2
Biquad # fN,n (Hz) Qn fN,d (Hz) Qd

1 200 10 400 10
2 1000 5 2000 5
3 10,000 10 20,000 10
4 8000 10 4000 10

TABLE II

FILTER PARAMETERS FOR BOTH EXAMPLES.

VI. EXAMPLES

In order to compare filters, a set of filter parameters was
chosen in the form of sets analog biquad parameters, such
as those in Table II. These parameters were then translated
into an analog polynomial filter, which was discretized via
Matlab’s c2d function. The coefficients of the digital filter
were then scaled up by a quantization factor, say 216 − 1
for an s2.16 quantization. The scaled up coefficients were
then fixed (fractional portion removed) and scaled down by
the same quantization factor. Thus, floating point numbers
were made to represent fixed point coefficients. Frequency
responses were computed for the analog, digital polynomial,
and various quantized digital polynomial filters.

To compare against the multinotch, the same analog
biquad parameters were converted into individual digital
biquads as described in Section V. Since the biquads act
serially on data, the frequency responses of each digital

2165



10
0

10
1

10
2

10
3

10
4

−50

0

50

100

150

200

250

Frequency (Hz)

M
ag

ni
tu

de
 (

dB
)

Quantization in Polynomial Filters (notch_2014_02_22__010)

10
0

10
1

10
2

10
3

10
4

−600

−500

−400

−300

−200

−100

0

100

200

Frequency (Hz)

P
ha

se
 (

de
g)

 

 

Polynomial Analog Filter
Polynomial Digital Filter
Polynomial Digital Filter (s2.16)
Polynomial Digital Filter (s2.23)
Polynomial Digital Filter (s2.30)

Fig. 10. Quantization in the polynomial filters of the second example
of Table II shows severe effects for the s2.16 and s2.23 cases. For this
example, the s2.30 quantization is able to represent the unquantized digital
polynomial filter, but this still does not match the analog response.

biquad was multiplied with those that were previously com-
puted to form the overall response of the filter. In the
case where quantization was applied, the individual biquad
parameters were scaled up by the quantization factor, fixed,
and scaled back down. As the direct feedthrough gain is
applied afterwords, this was separately scaled up, fixed, and
scaled down to compute the individual quantized biquad
complex responses. Again, these responses were multiplied
to that of the previous sections to give an overall biquad
frequency response.

The filter parameters were set according to Table II. Both
examples use a sample rate of 100 kHz for discretization.
The results for the first example are in Figures 8 and 9. In
this simple fourth order filter, the effects of quantization are
only evident for the polynomial digital filter quantized at
s2.16, although we can see that the discretized polynomial
filter never fully matches the analog response. In the second
example, there are far more biquads and they have higher Q
values. The results in Figures 10 show that the polynomial
digital filter fails to match the analog response even without
quantization. With quantization, only the highest number of
bits, s2.30, matches the unquantized digital polynomial filter.
On the other hand, the multinotch in Figure 11 matches the
analog response, even with the coarsest s2.16 quantization.

VII. CONCLUSIONS

The multinotch represents a new way of structuring digital
filters so as combine physical intuition, numerical stability,
and low, fixed latency into a single architecture. It lends itself
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Fig. 11. A comparison of the quantized multinotch to unquantized filters
in the second example of Table II. Note that even without quantization,
the discrete polynomial filter no longer matches the analog response. The
multinotch, with even the coarsest quantization considered in these tests,
s2.16, still matches the analog response.

extremely well to real time implementation, and is especially
effective in fixed point environments, such as FPGA or DSP
code. Furthermore, the regular, recursive structure of the
filter allows it to be programmed easily. It combines for the
first time two extremely desirable features in a real time
filter: small, fixed computational latency and high numerical
fidelity. It also preserves the physical intuition of the analog
parameters in the digital filter implementation, which is
extremely helpful in debugging physical systems.
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