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A Tutorial on PES Pareto Methods for Analysis of Noise Propagation in
Feedback Loops
Daniel Y. Abramovitch*
Abstract— This paper represents a tutorial on the so called
PES Pareto methodology of analyzing the sources of noise
in a feedback loop. Originally conceived for analyzing noise
contributors in magnetic hard disk drives, the method provides
a means of systematically identifying uncertainty contributors
to a servo loop. Once identified and ranked according to their
overall effect on the error and output signals, the top ranking
sources can be worked on first, either by finding ways to reduce
their magnitude or by altering system components to reduce
sensitivity to the the noise contributors.
The PES Pareto Method is based on three ideas: (1) an
understanding of how Bode’s Integral Theorem applies to servo
system noise measurements, (2) a measurement methodology
that allows for the isolation of individual noise sources, and
(3) a system model that allows these sources to be recombined
to simulate the servo loop’s error signal. The method requires
the measurement of frequency response functions and output
power spectra for each servo system element. Each input noise
spectrum can then be inferred and applied to the closed loop
model to determine its effect on error signal uncertainty.
The PES Pareto Method is illustrated by decomposing PES
signals that were obtained from a hard disk drive manufactured
by Hewlett-Packard Company in the mid 1990s. However,
beyond this old lab data, the method should be applicable to a
wide variety of control loops.
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Fig. 3. Block diagram of original KittyHawk measurement that led to
PES Pareto.
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sessions at ACC are only a fond memory. It is not clear if
PES Pareto is still used in the remaining industry, but it
seems like a good time to teach a new generation of control
engineers how to apply it to their control loops.

Gunter Stein’s dirt digging analogy, recreated from memory circa

It is worth spending a moment to consider why the
PES Pareto methodology was so quickly accepted by the
disk drive industry while barely penetrating control practice
anywhere else. Servo engineers in the disk drive industry had
several common practices that made an intuitive understanding of PES Pareto easy for them, once it had been explained:

The PES Pareto method arose out of trying to quantify
the fundamental limits of position accuracy for hard disk
drives (HDD) [1], [2], [3], [4]. The work, first internal to
Hewlett-Packard, was published after HP exited the disk
drive business. In the years that followed, it became apparent
from the disk drive control sessions at the American Control
Conferences in the early 2000s, that many of the disk drive
manufacturers of the day had adopted this method for their
work. In the years since then, the number of disk drive
companies has reduced to three and the disk drive control

•
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They were used to making extensive, but not unified,
measurements on physical systems. In fact, they had
a variety of relatively expensive electronic test instruments in the lab and were well versed in making
measurements in both time and frequency domain. What
was far less common was a unified view of how to
practically combine those measurements.

•

•

They were used to working on difficult to control problems with severe limits on processing power, sample
frequency, cost, and model completeness. This meant
that they were receptive to the notion that there was no
one “magic bullet” measurement method that would apply to all the different components around the feedback
loop, and were ready to find a reasonable way to piece
these together. Put another way, they had no issues with
the “mixed metaphor” approach that physical system
limits mandate and that PES Pareto embraces.
They were acutely aware of noise and uncertainty
limiting what they could do in their control designs,
working against what they called a “noise budget.”
However, they were were flying blind as to where the
noise was actually originating and how much any one
source consumed of their noise budget.

would happen if PES In had been filtered by the magnitude
squared of the sensitivity function. If one had a model or
measurement of that sensitivity function that covered the
same frequency bins as the measurement of PES, one could
do some math. Denoting the PSD of PES as ΦEE and the
PSD of PES In as ΦEE , if
2



1
 ΦII (f ),

ΦEE (f ) = 
(1)
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 1 + P C 2
 ΦEE (f ).

ΦII (f ) = 

1

then

(2)

The resulting green curve in Figure 2 and was out of norm
with what the engineers had been used to that it took a
while to accept as correct. If the noise looked flat after
being filtered by the sensitivity function (which has a lot of
rejection at low frequency), then the unfiltered curve should
have high levels at low frequency. Realizing this launched
the PES Pareto methodology.

It took this author years to realize that this kind of
knowhow was not prevalent in the academic controls
research community [5] and that the lack of these very
utilitarian practices had likely prevented PES Pareto from
filtering up to them and then out to their students. For this
reason, this tutorial will teach far more about the pedantic
intricacies of measurement between domains to give the
reader the intuitive familiarity with what has to happen to
assemble the measurements and models needed to get a
much better picture of noise throughout the loop. It is hoped
that by doing this, PES Pareto can become useful to a new
generation of control systems engineers, far beyond what
remains of the disk drive industry.
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Closed-loop system with a few more noise sources.

Even in such a simple diagram as Figure 3, it becomes
a fundamental set of questions. If we are track following
(r = 0), what does the noise in PES look like as the input
PES In. We get that in Figure 2, and in the case of a disk
drive, a lot of the broadband noise can be modeled to enter
at that point, be in noise in the generation of the PES signal
(called Position Sensing Noise, PSN) or air flow over the disk
drive heads buffeting the physical position around. However,
even in a disk drive, there are far more noise injection points
around the loop, as diagrammed in Figure 4. If ΦEE (f ) is
flat, or no matter what shape it takes, what do the input PSDs
of ΦW W (f ) and ΦV V (f ) look like? Furthermore, how do
we quantify how much of ΦEE (f ) is due to one versus the
other? It is clear that without any other knowledge, it is hard
to separate out the effects of ΦW W (f ) versus ΦV V (f ).

This paper will focus on understanding of the effects
of noise through the feedback loop, or how to back noise
measurements out to their sources. In the legendary “Respect
the Unstable” Bode Lecture of 1989 [6], [7] Gunter Stein
educated us to the idea that loops do not eliminate noise,
they merely move it around, as he brilliantly illustrated with
a dirt digging problem, reconstructed from memory in Figure
1.
The original measurement that was spawned by the persistent memory of Stein’s talk (nine years before the paper [7]
was published) was a disk drive problem measuring the Position Error Signal (PES) in HP’s KittyHawk 1.3” disk drive in
the early 1990s. That measurement is diagrammed in Figure
3 and the data displayed in Figure 2. The blue Position Error
Signal (PES) was considered flat in the frequency domain by
the servo engineers at HP’s Disk Memory Division (DMD)
in the early 1990s. Certainly, the blue measurement of PES
in Figure 2 looks relatively flat across most frequencies. It
was Stein’s pile of closed-loop dirt that led to the realization
that the blue curve was a closed-loop quantity, that had been
filtered by the servo loop. What would that noise look like
if it were a signal being injected into the loop, if it were the
PES In signal?
The “Aha!” moment was realizing that the filtered, closedloop PES signal could be quantified in frequency using its
Power Spectral Density (PSD) and that PSD looked like what
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Closed-loop system with each block having its own noise

In a more complex model where each block can be
modeled to have its own noise source (Figure 5), how do
we:
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sources, and perhaps to how to demodulate signals [10],
often enables a much higher performance increase than the
10% improvement achieved through 20× the math in the
controller.
Finally, it is worth understanding why we focus on broadband noise. In the case of a hard disk drive, the error signal,
called the Position Error Signal (PES), can be decomposed
in the frequency domain into four components:
External Shock and Vibrations are heavily influenced
by the drive’s operating environment. It has been shown that
accelerometer feedforward control can considerably reduce
the effect on PES [11], [12].
Synchronous or Repeatable Excitations are due to the
rotation of the spindle and therefore synchronous with it or
one of the spindle orders. While synchronous excitations
may be large, standard practice in the disk drive industry
includes using feedforward cancelers to reduce the effects
of synchronous excitations [13], [14]. More importantly in
the hard disk industry, the move of drives from the office
into the living room meant that the audio noise caused by
the ball bearing spindles were disturbing enough to people
viewing their recorded movies that the ball bearing spindles
quickly were replaced with fluid bearing spindles [15]. In
recent years, feedforward has seen a dramatic increase in
popularity with its use in nanopositioning control loops such
as atomic force microscopes [16], [17], [18] as well as
macro-positioning control such as wind turbines [19].
Non-synchronous or Non-repeatable Excitations include sharp spectral peaks due to spindle bearing cage orders
and structural resonances (which are less sharp but still
narrow band). There was work suggesting that disturbances
due to resonances or cage orders could be considerably
reduced by the use of damped disk substrates and fluid
bearing spindles [20], [21], [22]. As mentioned above, this
happened for other reasons. In applications beyond rotating
machinery, these are also minimized via physical redesign.
Alternately, loop gain can be raised over a narrow portion
of the pass band with a bump filter, or dropped outside the
passband). In these cases, if the band is narrow enough, the
area of noise amplification can be kept relatively small.
Broadband or Baseline Noise is what remains when all
of the narrow band components have been removed. Of
the four categories, baseline noise has received the least
attention in the literature. Therefore, broadband noise became
the focus of PES Pareto. Broadband noise was not viewed
as something that could be managed via repetitive or other
feedforward control methods. By its very nature, it could
not be minimized with narrowband filters. When combined
with Stein’s revelation about Bode’s Integral Theorem, understanding the effects broadband noise gained much higher
priority.
Consider that if signals including noise are filtered by
closed-loop (CL) dynamics to get to PES (the error signal),
then inverse filtering by closed-loop filter dynamics should
give us a reference or noise input. How do we filter noise?
It is better to ask what kind of noise can be analyzed
through a filter? The answer is additive, white, Gaussian
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Fig. 6. Simplification for analysis of Figure 5. Closed-loop system with
each block having its own noise source as an additive output noise.

Isolate and measure some noise source at some downstream output or measurement point?
• Back up through whatever effective filter there is to get
to the particular noise source as an input?
• Push that source (and others) forward through the
closed-loop system to see the effects of that noise source
on the rest of the loop?
The second two questions are answered by setting up the
math:
• We need Power Spectral Densities (PSDs) in a measurement frequency range with consistent frequency bins.
• We need measurements and/or models of all the blocks
in such a way that we can match the frequency bins.
• We need to understand the relationship between physical PSDs, the integral across the frequency band, and
(via Parseval’s Theorem [8]) the noise variance in time,
σ2 .
The first question involves a lot of hands-on cleverness
and some fudging, but it is worth it.
• We see right away that in order to isolate some noise
sources, we need to open the loop.
• In other cases, we cannot make the measurements
without the system being in closed loop.
• Some noises are arrived at when we channel Sherlock
Holmes and eliminate all the others as a4 potential
source [9].
The model of Figure 5 can become intractable for our
analysis, unless we can simplify it to that of Figure 6, in
which we have taken the block noises and modeled them
as individual output noises of the blocks. Furthermore, we
have made a reasonable assumption that we can consider the
digital noises (apart from quantization) to be negligible, at
least in the sense that they can be mitigated via numerical
stability methods. In that respect, they are part of any reasonable controller design. Figure 6 will serve as a prototype for
the type of block diagram that best fits into the PES Pareto
environment.
Once we have these noise “sources” and their effect on
the loop, we can model the effects of changing one of
those sources. This measurement based modeling tells us
where to put our system design and control effort. The
achievable bandwidth of even the best control algorithm
is eventually limited by time delay and noise on a sensor
that the loop amplifies at high frequency [5]. In such cases,
attention to the sensors, to the critical and dominant noise
•
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log |S| (dB)

noise (AWGN). AWGN has the property that auto and cross
spectra can be analyzed when passed through a linear filter
[23]. This means that if we can generate frequency responses
for our closed loop dynamics, generate magnitude squared
filters, and invert those, we can back out noise sources. We
need to keep in mind that each source injection point has
its own back filter from the measurement point, and each
measurement location has its own forward filter from any
injection point.
This became the basis for the PES Pareto methodology
of analyzing the effects of noise on a system [1], [2], [3],
[4]. While that work was focused on the control of hard
and optical disk drives, this tutorial will attempt to give
participants a view to applying this method to all manner
of control problems.
The structure of this tutorial is as follows. Section II will
review how Bode’s Integral Theorem and its discrete-time
counterpart motivate the study of noise passing through a
feedback loop and outline the methods for doing this. Section
III will establish a common mathematical framework that
will motivate and underpin all of our measurements and
the rest of our analysis. Section IV will provide an old but
real example system, illustrates the methods. Section V will
discuss the “Simple Tricks and Nonsense” [24] needed to
get actual noise measurements out of a physical system,
using the two examples from Section IV. Section VI will
illustrate backing closed-loop noise measurements back to
their open-loop sources, and then propagating them forward
to the loop error signal so that they can be ranked by their
effects on that error. Section VII will present some examples
of how these new measures can be used to evaluate the effects
of a particular noise source increasing or being minimized.
Finally, Section VIII will discuss methods of minimizing the
effect of noise sources before they enter the feedback loop
[10].
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Sensitivity function in discrete time.

Mathematically, this is stated as
 ∞
log |S|dω = c,

(5)

0

where c is some positive constant dependent only on the
open loop unstable poles and non-minimum phase zeros.
Consequences: “Sooner or later, you must answer for every
good deed.” (Eli Wallach in the The Magnificent Seven)
Translation: If you make the system less sensitive to
noise at some frequencies, you then make the system more
sensitive at other frequencies.
Typical control designs attempt to spread the increased
sensitivity (noise amplification) over the high frequencies
where noise and/or disturbances may be less of an issue. The
image of this was provided in the Bode Lecture at the 1989
IEEE Conference on Decision and Control (Tampa, FL)[6].
The talk, by then Honeywell Researcher and MIT Professor,
Gunter Stein, was entitled “Respect the Unstable.” Stein
described the net effect of control systems design as trying
to get a certain amount of disturbance rejection at some
frequency span while trying to thinly spread the amplification
over a large frequency span. Stein’s drawing had a guy
shoveling disturbance amplification “dirt” as in Figure 1.
The dirt can be moved, but not eliminated. Furthermore, the
discrete-time version of Bode’s Integral Theorem [26] has
some implications for discrete time systems [2], however
they are essentially those of the continuous time theorem
with the Nyquist rate forming a retaining wall for the
disturbance amplification dirt 8.
There are two reasons why Bode’s Integral Theorem is
important in a discussion of a feedback loop’s error signal.
First of all, it gives a very good gauge on what can and cannot
be done with disturbance rejection and noise in a control
system. An intelligently designed control system puts noise

(3)

While the mathematics used to prove both versions of
Bode’s Theorem can be fairly complicated, the result is
fairly simple and extremely powerful. We will leave the
proofs to the references [25], [26] and talk simply about
the interpretation. Looking at Figure 7 it says simply that:
a nonthe area of
the area of
disturbance = disturbance + negative
constant.
amplification
rejection

usually very close
to open loop (PC) crossover

ω
Fig. 7.

Bode’s Integral Theorem [25] deals with what Bode calls
regeneration, and dates back to the 1940s. In the years
since Stein’s Bode Lecture [6], it has gained prominence
in the controls community, as this theorem has significant
implications for and applications to control systems.
The sensitivity function, S, is also known as the disturbance rejection function because it shows how disturbances,
d, go through the system and show up at the output, y, or at
the error signal e.
1
y
e
e
=
= =− .
r
1 + PC
d
d

0

area of
disturbance
rejection
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S=

area of
disturbance
ampliﬁcation

(4)
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amplification in places where there is little noise. A poorly
designed system results in significant noise amplification.
The second reason will become apparent in Section V on
making measurements. It turns out that when the error signal
is measured from a closed loop system, the loop should
actually be opened up to look at the error’s contributing
sources. The exact same effects that are the point of the
above theorem affect a measurement of error in closed-loop.
Before we can do any of this, we need to establish a common
mathematical framework that will motivate and underpin all
of our measurements and the rest of our analysis. Basically,
we need the machinery to do what was discussed above. This
will be in Section III.

band Gaussian filter across the frequency range and simply
using the output of that filter as the spectral value at that
frequency point [30].
The issue with any spectrum analyzer is that they have a
fixed sample frequency and typically have a fixed number
of frequency bins at which they evaluate the spectrum. It
is also often difficult to extract from their documentation
exactly what scaling is used in their FFT calculations, as
the equations for computing FFTs are scaled differently in
different devices. Let’s get back to basics so we can have a
unified understanding of all these measurements.
The Fourier Transform of a signal x(t) is defined as
 ∞
x(t)e−j2πf t dt,
(6)
X(f ) =

III. N OISE A NALYSIS AND PSD S

−∞

The PES Pareto methodology requires measuring, averaging, and isolating the spectra of signals at different points in a
feedback loop and then filtering them in different ways to get
to input noises and output noises. It goes without saying that
all of the operations need to be done on the same frequency
axis. Whether a spectrum is measured using a spectrum
analyzer, or generated from a time trace, the frequency bins
(width, count, and location) have to be the same. The models
of the different loop components that “filter” the spectra
must also have the same frequency axis so that the filtering
can be done bin-by-bin. This requires some rethinking of
our measurements. Frequency response functions are often
measured on a logarithmic frequency scale since control
engineers are used to plotting frequency response functions
using logarithmic frequency. Spectrum analyzers typically
generate spectra on a linear frequency axis, so our frequency
response functions (even if we are generating them from
an analytic model) really need to be generated on this
same linear frequency axis. Calculating spectra from time
measurements – usually via FFT calculations – also are
usually done on a linear frequency scale. Generally, the most
reasonable way to do this is to generate an analytic model
of the different loop components from our measurements.
That analytic model can then be evaluated at the frequency
points of the spectrum measurements. This brings in all the
difficulties of extracting models from measurements [5], [27],
but is a needed step.

while the inverse Fourier Transform becomes
 ∞
x(t) =
X(f )ej2πf t df.

(7)

−∞

In some cases, the authors use ω in place of f . This doesn’t
affect the first integral (which is over the time variable, t)
 ∞
x(t)e−jωt dt,
(8)
X(ω) =
−∞

but in integrating over ω in place of f we need to factor out
the 2π, so the inverse Fourier Transform becomes
 ∞
1
X(f )e−jωt dω.
(9)
x(t) =
2π −∞
If only a finite data record of time length T exists then
the finite length Fourier Transform is
 T
x(t)e−j2πf t dt.
(10)
X(f, T ) =
0

We should note that for any practical measurement, only a
finite data record of time length T will ever exist, so to
apply Fourier Transforms in real life, we need to make use
of Equation 10.
If that signal is sampled with a sampling period of Δt
then the sequence that results is
xn = x(nΔt)

n = 0, 1, 2, . . . N − 1 (11)

and Equation 10 can be recast as the discrete Fourier
Transform:

A. Useful PSDs from Measurements
Our goal in this section is to describe how to measure
Power Spectral Densities, either directly from a spectrum
analyzer, or from one or more time domain measurements
that have been transformed via a Discrete Fourier Transform
(DFT) or Fast Fourier Transform (FFT). As mentioned
above, we need these spectra measurements to have the same
number and distribution of bins in the frequency domain. The
easiest way to get a spectrum measurement of a signal is with
a spectrum analyzer, an instrument that does this computation
automatically . Spectrum analyzers are nice because they
essentially package all the necessary computations. The
modern ones all compute FFTs [28], [29], while some of
the older ones computed a spectrum by sweeping an narrow

X(f, T ) = Δt

N
−1


x(n)e−j2πf nΔt .

(12)

n=0

By letting fk =

k
T

=

X(k) =

k
N Δt

in Equation 12 we get

N
−1

−j2πnk
X(fk )
=
x(n)e N .
Δt
n=0

−j2π

Let WN = e N and W̃N (u) = e
can be written as
Xk = X(k) =

N
−1

n=0
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x(n)WNkn =

−j2πu
N

N
−1

n=0

(13)

. Then Equation 13

x(n)W̃N (kn). (14)

This is what a standard FFT, including the one in Matlab
computes. Note that
X(fk ) = ΔtX(k)

making discrete time measurements with a sample period,
Δt = TS = 1/fS , our measurement bandwidth is from
−fS /2 to fS /2. Thus, we end up normalizing by the sample
frequency, fS . A common term for the auto-spectral density
is power spectral density (PSD). Cross spectral densities may
be referred to as CSDs. Note that if we assume the same
sample frequency for all of our FRF measurements, then we
can use the FRFs to filter the spectras in each frequency bin.
For PES Pareto, where we are backing noises out to the
point where they are independent inputs, we can consider
the CSDs of these noises to be 0. Thus, we really care about
the Power Spectral Density (PSD).
Let’s consider that we have made a measurement sampled
in time at intervals of Δt = TS , where there are at least
N points in the measurement and N is a power of 2. From
this time measurement, we could compute the FFT on the
range from − f2S to f2S using Equation 13. We scale this to
physical units via Equation 15. To produce the PSD from
X(f ), we compute the complex conjugate X ∗ (f ). This is a
fairly straightforward computation. At that point we compute
the element by element product of the two complex vectors:

(15)

which returns the FFT to something closer to the physical
units. From this definition of the FFT, the inverse FFT is
given by
xn =

N −1
N −1
j2πkn
1 
1 
X(k)e N =
X(k)WN−kn .
N
N
k=0

(16)

k=0

Note that the placement of the N1 is arbitrary. However,
it is significant in trying to return the FFT calculation to
physical units. Alternate FFT definitions are available as:
N −1
N −1
1 
1 
X̃(k)WN−kn
X̃k = √
xn WNkn ⇐⇒ xn = √
N n=0
N k=0
(17)
or

X̂k =

N
−1

n=0

xn WNkn ⇐⇒ xn =

N −1
1 
X̂(k)WN−kn . (18)
N
k=0

P SD(x) =

This is generally a pain because we want physical units when
measuring signals in the lab and the physical units do not
have arbitrary scaling.
In order to make any of this analysis self-consistent, we
need to have all the FFTs computed with the same scaling.
This means that we need to know what any spectrum analyzer or digital oscilloscope is using as its primary equation,
and this often involves digging through the middle pages of
the manuals. Beyond that, we need to consider the sample
period (ΔT = TS = 1/fS ) used in each measurement,
and the number of points in each measurement as these
two factors define the frequency bins available in an FFT
calculation.
So, whether by spectrum analyzer, by digital oscilloscope,
or by using our digital control system to capture a block of
data, we understand that we have a linear spectrum of the
data. Considering the spectrum analyzer as more of a corner
case moving forward, we might use a digital scope or a time
capture feature of our digital control system to capture a long
stretch of sampled data and use a Digital Fourier Transform
(DFT) or Fast Fourier Transform (FFT) to compute the linear
spectrum of that signal. No matter how they are computed
linear noise spectra do not pass through filters in an analytical
way, so we need to generate the complex conjugate of this
spectra, multiply it times the original at each frequency point,
and then normalize it to get a power spectral density. This
gives us a Power Spectral Density (PSD). Section III-B will
discuss some details about this calculation.

X ∗ (f )X(f )
Be

(19)

where Be is the Resolution Bandwidth of the filter used to
compute the spectrum (or the Noise Equivalent Bandwidth
which is technically not the same but very close to the Resolution Bandwidth) and where X(f ) is the Fourier Transform
from Equation 6. This is the smallest change in frequencies
that a given measurement can resolve.
In general Be is inversely proportional to the length of the
time window over which a measurement is made , i.e.,
1
(20)
Be =
T
where T is the length of the time record. For an FFT,
1
1
=
(21)
T
N Δt
where N is the number of points in the FFT and Δt is the
sample period between points.
Note that for an FFT, the resolution bandwidth is fixed
as all the integrations are done over a single period of
time (N Δt, as in Equation 21. Band Selectable Fourier
Analysis or Zoom-FFT [31], [32] can be used to maximize
the resolution, but this is usually only known to experts.
In a brute force spectrum calculation, we could computes
a separate integral for each frequency. To eliminate errors
due to a partial period integral, the integration should be
done over an integer number of periods of the frequency
in question. This would that except in special cases, the
actual resolution bandwidth of the calculations at different
frequencies will differ slightly, but the spectral leakage would
be largely eliminated.
MATLAB computes the FFT in Equation 14 and (with
some details to be filled in later) then produces
Be =

B. Power Spectral and Cross Spectral Densities
This section deals with the practical generation of auto and
cross spectra from spectra generated by Fourier Transforms
(or FFTs) or Fourier Series calculations. When the cross
or auto spectrum is normalized by the bandwidth of the
measurement, we get a spectral density. Because we are

Pxx = P SD(x) =
461

X ∗. ∗ X
N

(22)

0 to f2S . The Fourier Transform of real function is Hermitian
[8], which means that the real part is even and the imaginary
part is odd, but when we multiply the FFT by its complex
conjugate, we get a real and even function on the frequency
axis. We can then take double the values of the PSD for the
positive frequency bins, leave the bin at DC the same, and
discard the portion with the negative frequency bins.

where X ∗ is the complex conjugate of X and N is the
number of points in the FFT and the .∗ operation is the
element by element multiply of two same-sized vectors in
MATLAB . (Windowing and scaling are standard methods
of improving the performance of FFTs by driving the time
signal to 0 at the beginning and end of the data run, but we
will not discuss those here.)
Note that these units are not physical. From Bendat &
Piersol[23], page 407 there is a procedure for computing a
PSD from FFT based measurements. At any frequency, fk ,
the PSD of a signal x is given by:
X ∗ (fk )X(fk )
P̃xx (fk ) =
N Δt
where X(fk ) = ΔtXk . This means that
(Δt)2 Xk∗ Xk
P̃xx (fk ) =
N Δt
or
P̃xx (fk ) =
so
P̃xx =

ΔtXk∗ Xk
N

Long Time Domain Measurement
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Long Time Domain Measurement Split into 6 Equal, Non-Overlapping Segments
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(23)

Long Time Domain Measurement Split into 5 Equal, Longer, Overlapping Segments

.21 .81 .90 .95 .97 .97 .99 1.0 .99 1.0 .80 .21 .11 .06 .02 .03 .01 .02 0.0 0.0

Segment 2

Segment 5

Segment 3

Fig. 9.

Diagram of overlap processing.

(25)
Note that it is typical to pick the next power of 2 above
Nmeas to compute the FFT. However, we may have a
situation where we have a lot of data i.e. Nmeas is far larger
than any reasonable FFT we might wish to make. This means
that we have the option to do some averaging. Averaging is a
good thing in noise analysis because – to put it simply – one
cannot get an expected value from a single vector of data,
and one cannot approximate an expected value without a bit
of averaging. If one makes a long data measurement, and
one assumes that the noise process is ergodic, that is that
the time averages are the same as the ensemble averages
[23], then we can break a long measurement into sections
to be FFTed and those FFTs can be averaged. One of the
tricks one could do with the old MATLAB PSD algorithm
was perform overlap processing: a long run of data could be
broken in to multiple segments for FFTs, but those segments
could overlap giving the illusion of more points while still
averaging, as diagrammed in Figure 9.

(26)
(27)

i.e. to go from MATLAB units to physical units, multiply the
MATLAB PSD by Δt. Now, the MATLAB PSD function has
been deprecated, and now they favor a Welch algorithm that
does the physical scaling found in Equation 27. Alternately,
one can use MATLAB ’s periodogram function. So, for a time
domain measurement in the vector, d, of length Nmeas ≤
N = N F F T = 2M , we can:
• Compute from MATLAB ’s FFT routine:
d.F F T

=

f f t(d, N F F T );

d.F F Tphys

=

d.P SDF F T

=

d.P SDF F T,TS

=

TS ∗ d.F F T ;
(29)
∗
(d.F F T ) . ∗ d.F F T
; (30)
NFFT
TS ∗ d.P SDF F T ;
(31)

(28)

•

Compute using MATLAB ’s Welch routine:

•

[Pxx,w , fw ] = pwelch(d, N F F T, [], N F F T, f s);
(32)
Compute using MATLAB ’s periodogram routine:
d.P SDP er = periodogram(d, [], N F F T );

Segment 4

.81 .20 .11 .04 .03 .03 .00 .01 0.0 0.0 .19 .79 .91 .94 .97 .98 .98 .99 1.0 1.0

.19 .79 .91 .94 .97 .98 .98 .99 1.0 1.0 .80 .19 .09 .05 .04 .02 .02 .01 0.0 0.0

and thus
P̃xx = ΔtPxx

.80 .19 .09 .05 .04 .02 .02 .01 0.0 0.0 .21 .81 .90 .95 .97 .97 .99 1.0 .99 1.0

Segment 1

(24)

∗

ΔtX . ∗ X
N

.21 .81 .89 .95 .96 .98 .99 .98 1.0 1.0 .81 .20 .11 .04 .03 .03 .00 .01 0.0 0.0

C. Quantization Noise: The Widrow Model and Others
Quantizer
Output q

-q
2

(33)

These three methods give the same PSD and give a PSD
that is scaled to be equivalent to the Fourier transform of
an analog signal. We believe that for most purposes, the first
method has the advantages that it is relatively straightforward
and completely transparent. Furthermore, the routines are
easily mimicked in computer languages besides MATLAB
or Python, making the math far more portable.
The FFT calculations above all compute an FFT from − f2S
to f2S but since we really can only make use of the positive
frequency axis, we want to use the FFT frequency bins from

q
2
-q
2

Quantization Error Modeled
As Uniform White Noise

q
2

Quantizer
Input

1
q
-q
2

q
2

Quantization
Error
Fig. 10.

Diagram of quantization and Widrow model.

There are other time domain measurements that yield only
a single number, such as the variance due to quantization in
the Widrow model [33]. This variance must be spread across
the frequency band in some logical way, so the authors chose
to normalize it by the frequency bandwidth. This is consistent
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with the texts [34], [35] on quantization devices and with will
be described briefly here. Note that [35] is erroneous in that
the normalization by TS = 1/fS has been omitted.
The Widrow model [33] of quantization is based on an
analog of the Nyquist sampling theorem [36]. A conceptual
quantizer is shown on the left side of Figure 10. Quantization
is not a random process, but a deterministic, nonlinear operation. This makes it hard to do anything with passing the math
through a filter. Widrow’s insight was that while quantization
was deterministic and nonlinear, if the signal excited enough
of the scale of the quantizer, and the quantization bins were
fine enough, that the probability of the quantized signal
falling anywhere in the quantization bin could be modeled
as a uniform density white noise on the interval [− 2q , 2q ],
where q is the size of a minimum quantization interval. This
is displayed on the right side of Figure 10. With this model,
computing the mean and the variance of the quantization
“noise” reveals that the mean and variance are:
μq = 0 and σq2 =

q2
.
12

Other measures of ADC and DAC noise depend upon the
access to the system. If one can open up the system and
drive the ADC with either a single tone, or with an open
circuit, one can establish (for the ADC) an input noise level.
Applying an open circuit to the ADC means that all that is
coming in is noise. However, this doesn’t exercise the full
range of the ADC. An alternate input is to drive the ADC
with a single sinusoid that excites the full range of the ADC.
The issue then is that the tone dominates the response, so
it needs to be removed digitally. This can be done in the
time domain with an adaptive noise canceler [39], which
adapts coefficients of a generated sine and cosine to cancel
the magnitude and phase of the input signal. If done after an
FFT, we need to look at the frequency bins that contain the
tone and set it equal to some average of side bins outside the
skirt of the tone. If the tone is removed in the time domain,
we can also remove the DC level by averaging the entire
data run to establish the sample mean. For an N-sample
measurement,
N −1
1 
xk−i ,
(37)
x̄k,N =
N i=0

(34)

This number for variance is used in texts all over the world
[37]. That is all well and good, but how do we translate this
variance into a PSD that we can pass through filters?
The leap of faith here is to treat that Additive Uniform
White Noise as an Additive Gaussian
White Noise, with
q2
zero mean and variance of 12
. As both are white, they
have an autocorrelation that is only nonzero at an offset
of 0. At an offset of 0, the autocorrelations are a Delta
functions with a hight equal to the variance. We know from
Parseval’s Theorem [8], [38] that the variance in time is equal
to the integral of the PSD over frequency, in this case, from
− f2S to f2S , so we can as a first approximation, give the
quantization noise a uniform PSD on the interval [− f2S , f2S ]
q2
. In summary, we set the noise PSD due
with magnitude 12f
S
to quantization as:
fS fS
q2
q 2 TS
, using f ∈ [− , ]
=
ΦQQ (f ) =
12fS
12
2 2

and we proceed as above.
We can also use this to back out a measure of how many
bits we get out of the ADC. Consider if we have an N-bit
ADC that spans a particular full voltage scale, FS. Then
FS
FS
= 2N or q = N or F S = q2N .
q
2
Now using (34) we can substitute:

fS
q2
q 2 TS
, using f ∈ [0, ]
=
6fS
6
2

2
σmeas

=

qef f

=

2
qef
f
, so
12
√
FS
σmeas 12 = Nef f .
2

(39)
(40)

This means that
2Nef f

=

Nef f

=

(35)

If we are only using the interval from [0, f2S ], then the PSD
q2
.
magnitude is 6f
S
ΦQQ (f ) =

(38)

FS
√ , so
σmeas
 12

FS
√
log2
bits.
σmeas 12

(41)
(42)

D. Using PSDs in PES Pareto
With all these tricks, one ends up being opportunistic,
generating as many different spectra from as many different
locations as possible, with the loop open whenever possible,
so as to isolate different noise sources. Because PSDs can
be added, they can be subtracted from each other and so by
a process of elimination, we arrive at isolated noise sources.
However, there are measurements that can only be made
when the system is in closed-loop. The measurement of PSN
is one such case. In this case, we must use subtraction of the
PSD from the sources that we could isolate to leave us with
the PSD of the remaining source.
As we try to convert any measurement into a PSD, the
following is useful to keep in mind:
• We will be working on the waveform. That is, we will
have a frequency axis from some lower frequency to

(36)

This is a correction to the2 classic circuit text [35] where
q
the noise PSD is set to 12
from f ∈ [0, f2S ]. The key to
understand is that the integral of the PSD over the frequency
q2
range, must equal the total variance of 12
.
The swap between a uniform and Gaussian additive white
noise is not perfect, but it does allow us to deal with
quantization noise in the PES Pareto method, i.e. to pass
it through digital filters. We will discuss how to apply these
ideas to measurements of ADC and DAC “noise” in Section
V-D. This model serves us as a theoretical minimum for the
quantization noise, if all of the noise in the ADC or DAC
noise and can be used to generate a PSD as described above.
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some higher frequency. That higher frequency will be
no more than the Nyquist frequency.
• In order to do waveform math on multiple waveforms
(scalar math one frequency bin at a time), all waveforms
must share the same frequency axis.
• If we have an instrument, or instrumentation functionality that can measure the PSD directly, we can use that.
If the instrument can measure the FFT of the signal,
then we must multiply it, frequency bin by frequency
bin, times its complex conjugate. If we simply have a
single time domain variance number, then this must be
distributed across the frequency spectrum as described
in discussion of quantization in Section III-C.
• PSDs generated by independent processes can be added.
Thus, if we have different, independent noise sources
generating the PSDs at a particular measurement point,
then the results of those sources can be considered
added at the measurement point. We have a strata of
noise contributors.
• By model or measurement, generate frequency response
functions (FRFs) for the loop components on the same
frequency axis as our PSD measurements. Generically
call these H for this discussion.
2
• Multiply H times its complex conjugate to get H .
2
• Multiply H times the power spectrum or PSD to get
effect of the loop on noise. Note that H2 must be the
appropriate units for filtering the PSDs.
• The resulting output is another power spectrum or PSD.
• We can use superposition to built up contributions from
many sources.
• We need to do some “loop unwrapping” to extract
proper input noise levels for model.
The chief restriction of manipulating PSDs is that we
will have to limit ourselves to linear models of the system.
However, by doing so we are able to actually add and subtract
PSDs. In order to do so, we formally should require some
knowledge that the noise sources are independent. It turns
out that there is no way to verify this for all sources, but it
is very likely true. While any measured signal in the loop is
correlated to several noise sources, each source arises from
an independent physical phenomenon. Furthermore, without
allowing for superposition of noise measurements, it would
be next to impossible to analyze the noise of a measured
system. Thus, it is a starting point we must choose.
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Fig. 11. Generalized view of track following model in an HDD. Each block
can be considered both a source of noise and affected by noise. PSN refers
to Position Sensing Noise, that is the inaccuracies caused in trying to extract
position information from alternating polarities of magnetic domains.

get noise strata in Section VI and then Section VII will show
how to use our extracted sources and models to extrapolate
how changes in a noise source would affect a particular
measurement point.
V. M EASUREMENTS FOR PES PARETO
The ideas of Section II fundamentally depend upon having
measurements of noises at different parts of the loop to
manipulate back and forth. Some noises can be measured
simply by breaking the loop at some point and making a
measurement downstream of the block in question. In other
cases, the measurements are only available when the loop is
closed in feedback. For the most part, the method is assuming
that we can apply linear analysis through our feedback loop,
especially when the signals are small (as we expect them
to be for noise analysis). This breaks down when we want
to relate the effects of quantization from analog-to-digital
converters (ADCs) and digital-to-analog converters (DACs)
to these linear methods.
It should be noted that this section contains the most adhoc techniques in the tutorial. The measurement test points
we want are not always available. Some measurements can
only be made when the loop is broken, while others are only
feasible in closed-loop. A certain amount of faith is needed
that the noises we measure when we isolate a component are
representative of those noises when the loop is operational.

IV. U SING THE HDD E XAMPLE G UIDE U S

A. Measurements in Open and Closed Loop

When we introduced the PES Pareto methodology in the
1990s, we were working in the context of the disk drive
industry and had plenty of measurements from actual disk
drives. In the years since then, there have been few chances to
measure more disk drives. That being said, the measurements
from that original work are still quite instructive. We will
reference the block diagram in Figure 11 to help us “walk
around the loop.” We will have an augmented discussion
of the measurements made on that system, showing how
different PSD measurements were extracted for different
blocks in Section V. We and how we put it all together to

In order to do a practical analysis of the contributors to
error, the fundamental question that must be answered is:
What can be measured? In any real system, we will not
have access to all the measurement points that we desire.
Furthermore, although many different analysis tools might
theoretically be available, they are useless to us if they cannot
make use of the actual laboratory measurements available to
us.
In order to guide our measurements and our modeling, it is
useful to have a map of the system. In the original hard disk
drive example, the Figure 11 served as the map for our tour
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of noises in the system. Starting at the left of this diagram,
the reference position that the actuator arm must follow is
the position of the magnetic track written on a disk, turning
on a spindle. Only the position error – the difference between
the reference track position and the readback head position
– is sensed by the readback head, and this error signal is
sent to the demodulator. The demodulator outputs a set of
numbers at the system sample rate, and these are combined
electronically to form PES. This PES signal is then converted
to a digital format via an analog to digital converter (ADC),
filtered by the compensator and then sent back out to the
power amplifier via a digital to analog converter (DAC). The
power amp converts the desired voltage into a current to
drive the voice coil actuator (with torque constant Kt ). The
actuator itself has rigid body behavior as well as resonances.
Through this, the head position is set. The position error
is then sensed by the head. Absolute head position is not
generally known from what is read off of the disk surface,
but can be obtained in the laboratory by shining a laser spot
from a Laser Doppler Vibrometer (LDV) off of the side of
the head. While this nominally measures velocities, the result
can be accurately integrated in time (for the frequencies we
are concerned with) to obtain position.
We had the following useful models that we could measure
from our physical system. Our block groupings in Figure 11,
are the plant, P (s):




LDV
LDV
1
1
≈
,
P (s) =
Kt Isense 3WM
Kt A(s) Xin OfCLM
(43)
the power amplifier, A(s):
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Fig. 12. Generic feedforward-feedback loop with measurement points. Note
that if measurement IP is built into the digital controller, then the number
of test injection and measurement points gets much larger. Furthermore, the
measurements are made at frequencies compatible with the digital control
system.

(46)

many of the digital control loops run at sample rates an order
of magnitude higher than these instruments could allow.
Instead, it has become more logical to build in measurement tools right into the digital controller [27]. Diagrams
such as the one in Figure 12 should become the norm rather
than the exception. In particular, such built-in measurements
allow the measurement algorithms to use the same data
conversion path as the control loop. Furthermore, the number
of digital measurement points (both for signal injection and
measurement) are dramatically increased and the data for
measurement does not need a format conversion from the
data for running the loop.
The classic laboratory instruments for these kinds
of measurements include spectrum analyzers (discussed
earlier), network analyzers (which calculate the ratio of
input and output spectra), and digital storage oscilloscopes
(DSO). Any of these can be recreated within a modern
digital controller and should be for the reasons mentioned
above. What are known as dynamic signal analyzers (DSA)
used for measuring frequency response functions (FRFs)
of control systems, are generally low frequency versions
of network analyzers. Rather that focusing on the specific
instruments of the original work, it seems more useful to
discuss the types of measurements that we want for the
methodology.

In traditional measurement systems using external instruments, such as this disk drive example, there were a limited
number of measurement points that could be accessed around
the loop: Xout , Isense , PES, and head velocity (and position)
via the LDV. In general test signals could only be injected
into the loop at Xin . However, in the two decades since the
original PES Pareto work, the nature of instrumentation and
measurements has changed quite a bit. As digital controllers
have gotten more ubiquitous, it has made less and less sense
to connect analog instruments to the loop, that is, instruments
that required their own ADCs and DACs. Many of the classic
instruments from the original PES Pareto work [1], [2], [3],
[4] are no longer manufactured. Even for these instruments,

Returning to our disk drive example, there are several
likely noise sources in the loop. First of all, there are the
noises associated with the moving disk and the readback
process. These all enter the loop at the same point, but
have different root causes. The noise due to the motion
of the disk attached to a ball bearing spindle creates both
Repeatable Run Out (RRO) (typically at orders of the spindle
rotational frequency) and Non-Repeatable Run Out (NRRO).
One of the interesting properties of servowritten disks is
that one pass of the NRRO is usually locked into the servo
position information when it is written. Thus, this written
in NRRO is repeated at every revolution of the disk. The
other noise source that enters at this point is the noise from
the readback process of position information, called Position
Sensing Noise (PSN). This noise can be due to the magnetic

A(s) : from block model,
the compensator, C(s):


Xout
C(s) =
≈ Analytic Model,
P ES meas

(44)

(45)

and the servo position generator or demodulator, D(s):
D(s) =

N P ES
Isense
LDV
Isense

meas .
meas
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domains on the disk, the behavior of the magnetic readback
head, the interaction of these two, or the action of the
demodulator. (We lump demodulator noise into PSN for our
current analysis.) Downstream in the loop, there are potential
noise sources at the ADC and DAC (due to quantization),
noise at the power amp, and finally windage. Windage is
caused by the air flow generated as the disk spins. This air
flows over, under, around, and into the actuator arms and
the readback head, disturbing the head position. Given all
these potential noise sources, there is a fundamental need to
identify which of these – if any – are the most significant
contributors to PES. With this information, the effort to
reduce the noise in PES can be concentrated on the critical
few.
It is worth noting that we purposely ignore external shock
and vibration in this analysis for two reasons. First of all,
external shock and vibration is heavily influenced by the
drive’s operating environment while the above noises are
a function primarily of the drive. The second is that prior
work in this area [11], [12] gives us some confidence that we
already have a reasonable engineering solution to many types
of external shock and vibration. Thus, PES Pareto focuses
on internal or self-generated noises.

convert the voltage (converted from the sensed current using
a reference resistor).
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Fig. 14. Measurement of Power Amplifier Noise on Lynx 2 Disk Drive.
PSDs are generated from open loop and open actuator configurations,
allowing the difference to be considered the power amplifier noise.

Physical
System

To isolate a PSD of the noise due to the power amplifier
we need some sort of differential measurement. Since the
amplifier can be run typically in open loop, we can set the
DAC output to 0 to generate a PSD of the PA and ambient
actuator input noise (Figure 13). In this case, we can drive
the DAC with an all zeros code. We would normally be
concerned with DAC quantization, but an all zeros code
should produce a calibrated 0 output at the DAC voltage.
(The signal is not moving, so there is no quantization to
speak of.) In the second measurement, we physically open
the circuit from the power amp to the rest of the actuator. The
current sense measurement now only has the ambient actuator input noise. If we take the expected values of the PSDs
from both measurements (and this means averaging multiple
measurements) we can assume independence and subtract the
two PSDs. This means taking more than one measurement
of these signals to get the statistical independence to kick in.
We then measure directly at Isense and since that is the
source point as well, the back filter to the source is simply 1
for all frequencies of interest. We difference the PSDs in the
top plot of Figure 14. In the middle plot of Figure 14, we
forward filter to PES through the magnitude squared filter:
2



Kt P (s)D(s)


(47)
 1 + Kt P (s)D(s)C(s)A(s) 

Generating different conditions to measure power amplifier

Referring back to Figure 6, power amplifiers are usually
needed to convert the low voltage signals out of DACs
into currents large enough to drive an actuator. This is
pretty universal, unless that amplification is done in the
actuator itself. They tend to have a low-pass nature, but
their bandwidth is usually considered beyond that of the
actuator, plant, or closed-loop system. The nature of their
amplification allows for the generation of noise, and so
we can often break out these components as individual
blocks to be analyzed for their noise contribution. When a
model is needed for filtering noise, it can often be generated
in MATLAB to mimic the data sheet frequency response
function (FRF), but at the frequencies that we want for our
PSD measurements. Alternately, with enough control over
the digital controller (as diagrammed in Figure 12), one
can stimulate the DAC to generate an FRF measurement,
provided we have a way to measure the current being
produced by the power amplifier. In Figure 13 there is a
sense resister often used for monitoring the current being
produced by the power amp to drive the actuator. In the disk
drive, such a signal has utility as a secondary measurement
of what is going into the actuator. Note that we still need to

to get the contribution to PES, where P (s), A(s), C(s), and
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D(s) are defined in Equations 43 – 46. In the lower plot of
Figure 14, this PSD is integrated to get the variance (in the
frequency domain) due to the power amplifier.

In the disk drive example, a Polytec LDV provided highly
accurate position measurements for any frequency above
10 Hz. We could minimize the feedback loop gain in the
controller and measure the head position (not the error) by
shining the laser spot on the side of the drive head. We could
then back filter to the noise source (modeled at the plant
input) by back filtering through:


 1 2


(48)
 P (s)  .

C. Measurements/Modeling of Plant Disturbance

Lynx2 Head (LDV) Response for Various Loop Conditions (10−6410Hz)
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With this windage “input noise”, we now filtered forward
through
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P (s)D(s)


(49)
 1 + Kt P (s)D(s)C(s)A(s) 
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to get the effect of windage on PES.
This is an example of a more general problem: there will
always need to be a way to separate the disturbance generated
movement from the error generated in measuring position.
After all, we cannot perform any reasonable tradeoffs in a
Kalman filter design [41] if we have no idea what the noise
powers of w and v are. There are other noises in the loop,
but at some point, we need to be able to isolate these as well.

10

−8

PSD (V^2/Hz)

10

−9

10

−10

10

−11

10

PES generated from Windage (V^2/Hz) (from LDV/Xin)

−12

10

−13

10

0

1000

3

2000

3000
4000
Frequency (Hz)

5000

6000

Lynx2 PES Variance due to Windage (10−6410Hz)

−5

x 10

Variance (Volts^2)

D. Measurements/Modeling of ADC and DAC Noise
2
Single−Sided PSD of chipscope_1_422mhz_16384, 16384 FFT points with Harmonics Removed in 5 Bin Spans

1

PES Var. due to Windage, sigma = 5.0 mV (0.36%)

PSD From FFT (No Harmonics)
Measured Baseline: −138.81 dB
Uniform Quantization Noise
2
Theory Quant. Noise Baseline (2q /(12f )): −163.04 dB

0

−20

s

Uniform Quant. Noise Baseline: −162.89 dB

0
0

1000

2000

3000
4000
Frequency (Hz)

5000

6000

−40

Fig. 15. Measurement of the disturbance due to air flow on the drive
head (windage) on the drive example via an LDV. Backfiltering the LDV
measurement through the inverse plant model gave the windage as
an open-loop source, which could then be filtered forward through the
model to see its effect on PES.
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Separating out plant disturbances from noise in the position sensing has a particular challenge when the same sensor
is used in the measurement for the error signal as is used to
try to quantify plant disturbances. This almost always calls
for an external sensor, one that is of high enough quality to
give a signal that can be trusted on its own. In the case of
the HDD, the issues with the loop sensor were that it had a
limited bandwidth (due to the sectored servo patterns used in
HDDs) and the generation of the error signal itself was part
of the experiment. There was no option to up the sample
rate and filter, and the error signal (PES) was only really
available when the drive was in closed loop. Furthermore, it
was an error only sensor, not giving us the actual position
of the drive head. This is a major limitation, since two
significant noise suspects were the buffeting of the drive
head by the air flow generated by the spinning disks and the
actual generation of the error signal from the servo position
dibits. An instrument such as an laser interferometer [40] or
a laser Doppler vibrometer (LDV) could provide an actual
position measurement (against a calibrated distance set to 0)
if an appropriate spot on the drive head could be found for
reflecting the laser spot.
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Decomposition ADC noise with a removed tone.

In Section III-C we discussed some basic modeling for
quantization noise. In this section, we will apply those ideas
to generating noise as a source for our Pareto measurements.
Recalling Section III-C, we had arrived at a quantization PSD
2
q2
= q 12TS . At a first cut, we can use
(35) of ΦQQ (f ) = 12f
S
this to define the quantization noise being added in at the
output of our ADC or DAC.
However, there are methods of making measurements on
ADCs. Usually, the engineer injects either a simple tone or
0 at the analog input to the ADC. The signal is sampled and
quantized and the spectrum of the measurement is FFTed. In
the case of the tone, this signal will dominate any integral
that is done, so it is removed, either by excising the frequency
bin and replacing an average of neighboring bins, or by
applying an adaptive noise canceling approach [39] to match
467

FS to ±1, we can then calculate the effective value of
q and using the math in Section III-C, compute the PSD
for the theoretical quantization noise. This is the magenta
curve, and the computed PSD is plotted along with the pure
theoretical curve. Another curve, taken from averaging the
high frequency end of the computed PSD is also drawn, as
a way of verifying that the curve represented the original
theoretical value. We then could take the measured signal
(with the tone removed) and calculate the average of the
high end of the PSD, allowing us to draw the green curve
back, to reveal an effective level of quantization PSD. Again,
using the calculations from Equation 42 in Section III-C, we
back out an Nef f . Figure 17 repeats the same calculation,
but with an open circuit input to the ADC. There is no tone to
remove, but it is helpful to see that the resulting calculations
give us similar numbers for the effective bits.
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Decomposition ADC noise with an open circuit.
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and remove the tone before the FFT is computed. In either
case, the sample mean of the data is removed.
Now, why inject a tone at all if we are going to remove
it? The tone exercises the full range of the ADC, which
was one of the assumptions of the Widrow model discussed
in Section III-C. As such, the noise properties of the ADC
with and without a tone might be different, so it is good to
have both measurements. Secondly, there are several possible
noise measures used with respect to signals, and one of them
is dBc or Decibels with respect to a carrier. We need a tone,
a carrier, to compute this. Removing the tone itself has its
own issues. The best method is probably the adaptive noise
canceling approach, since that removes the matched signal
only and not other signals at that frequency. Removing a tone
once an FFT has been done has issues of spectral leakage,
that is that the FFT bin itself bleeds into others. To combat
that long data runs being FFTed are often windowed – in this
context meaning that they are multiplied by a window that
drives the end points of the data record to 0. (This is another
reason why overlap processing is a useful trick, allowing us
to lengthen the record to a point that the window doesn’t
affect the data points we want.)
Assuming we have made a measurement (with a tone that
was removed or without a tone) and computed the FFT, we
then can compute the PSD and make it one-sided using the
methods described in Section III-B. How do we related this
back to our flat quantization PSD model? We fit that data to
a flat PSD across the frequency band (usually looking at the
high frequency tail to establish the level), and then set that
2
qef
f
. We can now back out our effective quantization
level to 12f
S
level, qef f .
An example is shown in Figures 16 and and 17. Figure
16 shows a measurement of a 14-bit ADC sampled at
50 MHz, into which a 1.422 MHz tone was injected. A
16,384 point FFT was performed and the frequency bins
containing the tone and its harmonics were flattened by
replacing their signals with the averages of nearby bins.
To keep the spectral leakage low, the data was windowed
with a 16,384 point Hanning window to drive the end points
to 0. If we start with by normalizing the full scale range,
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Fig. 18. Simulating ADC and DAC quantization by masking off bits at
different signal points. On their own, the masked off bits are still one of
many noise sources, but when they are differenced from each other,
the unchanging noise PSDs drop out, revealing the effects due to the
quantization.
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Fig. 19. Measurement of ADC quantization by masking off bits at the
error signal.

This can be done with an ADC if we have a reliable
analog signal source of higher resolution than the ADC
and if we have the ADC connected to a test system. The
first characteristic is to make sure we are not including the
noise in the signal source, and the second characteristic is
needed just to get the discretized signal into a place where
it can be processed. It becomes more difficult for a DAC,
because while we may be able to generate a high fidelity
signal to send out to the DAC, we now need to digitize the
analog voltage produced and get that back into some analysis
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Fig. 21. Measurement of DAC quantization by masking off bits at the
controller output signal.

6000

curves in the lower plot of Figure 20 was:
1
1.25 V
∗ .
(51)
q=
512 counts 20
We employ a similar measurement scheme for quantization
noise from the DAC. By masking off bits being sent to the
DAC, we can generate a PSD of the different levels of PES.
For the hard disk example, the resulting plots are shown
in Figure 21. Again, this PSD was made with frequency
bins out only to 2 kHz, which did not match the other
measurements, so the frequency bins were zero padded with
more bins at higher frequency to produce the top plot of
Figure 22. The differencing of those measurements is shown
in the middle plot of Figure 22. Once again, we find that
differencing these small PSD levels made it difficult to
have any sort of non-visual fit to the data. Instead, the
effective level of quantization noise was back calculated
from PES measurements by assuming a uniform input noise
distribution. This was then forward filtered to PES via:
2 
2





Kt P (s)D(s)A(s)
 =  C(s)  .

(52)
 Tcl 
 1 + Kt P (s)D(s)C(s)A(s) 
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Fig. 20. Measurement of ADC noise in closed-loop by differencing
measurements of the type in Figure 19. Rather than try a numeric fit
of the differences in PES, a scaled uniform noise is filtered through to
the PES to match the difference signals.

engine, without that discretization becoming the dominant or
even a significant part of that measurement. For either device,
we often do not have the ability to evaluate the components
separately. In this case we can employ a scheme diagrammed
in Figure 18.
When we cannot separate out the ADC from the loop, we
use this scheme of masking off bits in the error measurement
(PES) (assuming the reference signal, r = 0). By artificially
masking off these bits, we can generate a PSD of the different
levels of PES. For the hard disk example, the resulting
plots are shown in Figure 19. Note that this PSD was
made with frequency bins out only to 2 kHz, which did
not match the other measurements, so the frequency bins
were zero padded with more bins at higher frequency to
produce the top plot of Figure 20. The differencing of those
measurements is shown in the middle plot of Figure 20.
We find that differencing these small PSD levels made it
difficult to have any sort of non-visual fit to the data. Instead,
the effective level of quantization noise was back calculated
from PES measurements by assuming a uniform input noise
distribution. This was then forward filtered to PES via:

 

 Kt P (s)D(s)C(s)A(s) 2  1 2
 =  .

 Tcl 
 1 + Kt P (s)D(s)C(s)A(s) 

Eventually, the scaling of quantization that matched the
curves in the lower plot of Figure 22 was:
1
0.3125 V
∗ .
(53)
q=
512 counts 9
E. Channeling Sherlock Holmes
At some point, we have isolated all the contributors to the
error signal (PES in our disk drive example) that we can and
we can put them together. We can show them independently
to show the most important ones, or stack them cumulatively
to show how much of the PES PSD we have accounted for,
as shown in Figure 23. There is still a large amount of noise
that is unaccounted for. If we plot the PSD of PES - the
Cumulative PSD of all the noises we have accounted for, we
get the plot of Figure 24. A feel for sensitivity functions,
especially those plotted on a linear frequency scale reveals
that this looks a lot like:

(50)

k ∗ D(s)Scl (s)

Eventually, the scaling of quantization that matched the
469

2

(54)

PES PSD vrs. DAC Resolution

PSD − (V^2/Hz) RMS

x 10

0.8

10 bit DAC PES PSD

0.6

9 bit DAC PES PSD

0.4

8 bit DAC PES PSD

−8

0.2
0
0

1000

4

2000

3000
4000
Frequency (Hz)

5000

6000

PES PSD of Differences Between Resolutions

−10

x 10

Lynx2 NPES PSD from Various Sources (10−6410Hz)

−7

10

PSD at PES (V^2/Hz)

−9

1

10

Unaccounted for PSD

−9

10

PSD − (V^2/Hz) RMS

1.0e−7*(D(s)S_cl(s))^2
3

9 bit − 10 bit DAC at PES

2

8 bit − 9 bit DAC at PES

Smoothed Unaccounted for PSD
PES PSD
−10

0
0

1000

2000

3000
4000
Frequency (Hz)

5000

0

1000

Fig. 24.

6000

DAC Noise PSDs (from uniform input)

−10

4

10

8 bit − 10 bit DAC at PES

1

x 10

−2

2000

3000
4000
Frequency (Hz)

5000

6000

Unaccounted for PES PSD noise.

Lynx2 NPES PSD from Various Sources (10−6410Hz)

10

3
−3

8−9 bit DAC PES PSD

10

2
8−10 bit DAC PES PSD

PSD at PES (microns^2/Hz)

PSD − (V^2/Hz) RMS

9−10 bit DAC PES PSD

1
10 bit DAC PES PSD
0
0

1000

2000

3000
4000
Frequency (Hz)

5000

6000

Fig. 22. Measurement of DAC noise in closed-loop by differencing
measurements of the type in Figure 21. Rather than try a numeric fit
of the differences in PES, a scaled uniform noise is filtered through to
the PES to match the difference signals.
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At this point in the original effort [1], [2], [3], [4], we turned
to the wisdom of Sherlock Holmes, who although fictional
[9], was an ancestor of the equally fictional Mr. Spock.
“An ancestor of mine maintained that if you eliminate the
impossible, whatever remains, however improbable, must be
the solution. [42]” To make this unaccounted for noise an
input to the error signal (which is where any noise in position
sensing would appear in this diagram), we filter the PES PSD
and unaccounted for PSD by
2
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to get to a possible input Position Sensing Noise (PSN) PSD.
This is shown for our example in Figure 25.
In our measurements, we have been able to find “simple
tricks and nonsense [24]” to isolate noise PSDs from quite
a few noise sources. We have brought in extra sensors and
measurement points to give representative measures of other
noise sources. In the disk drive example, windage (Section
V-C) was a large component. Still, we get to the total PSD
of the broadband noise at the error signal, remove the PSDs
that we have isolated, and we have something left over. This

6000

Fig. 23. Decomposition of baseline noise sources in a hard disk.
Cumulatively plotted to account for all of PES. The top plot shows the
PSDs. The bottom plot has them integrated across frequency.
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is the unaccounted for noise, but if we have confidence in
our structural model, and if we have found a way to the other
noises, then what is left, no matter how improbable, must be
the sensing noise PSD.

conversions). There are two reasonable ways to think of this.
One can compare them independently to see which noise
sources are the dominant ones that we should worry about.
This is shown in Figure 26.
Once the potential contributors to the error signal are
identified, they can be ranked in terms of their overall effect
on error and thus the most critical ones can be worked
on first. In our HDD example, Figure 26 shows these
independent noise sources and what is telling is not only
how little the ADC and DAC quantization contribute to the
overall error in this system, but how much of it is due to two
sources, the disturbance of windage buffeting the drive head
and the actual sensing of the position error. The former led
to Terril Hurst working on redesigning the air flow inside
of hard disks before HP exited the business in 1996. This
latter fact, that close to 2/3 of the baseband noise in the
PES was due to sensing errors led to the work on improving
the demodulation circuits for HDDs [45], [46], [47]. While
improving the noise in the actual magnetic domains from
which position was derived might have taken considerable
effort, providing smarter electronics to cleanly process these
signals was an inexpensive and dramatic improvement. The
benefits of understanding demodulation are discussed in the
tutorial of [10].
To be clear, as quantization is nonlinear, the fundamental
assumptions of the Widrow model assumes that quantization
is fine enough to model the error as noise. These results
argued against worrying whether to add extra bits to the next
generation of of ADCs and DACs. On other systems, they
may be the dominant noise sources.
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Fig. 26. Decomposition of baseline noise sources in a hard disk.
Independently plotted to show relative importance. The top plot shows
the PSDs. The bottom plot has them integrated across frequency.

VII. U SING PARETO M ODELS FOR E XTRAPOLATION

A theory is a good theory if it satisfies two
requirements: It must accurately describe a large
class of observations on the basis of a model
that contains only a few arbitrary elements, and
it must make definite predictions about the results
of future observations. — Stephen Hawking in “A
Brief History of Time[43]”
Science, therefore, for all the reasons above,
is not what it appears to be. It is not objective
and impartial, since every observation it makes
of nature is impregnated with theory. Nature is
so complex and so random that it can only be
approached with a systematic tool that presupposes
certain facts about it. Without such a pattern it
would be impossible to find an answer to questions
even as simple as ‘What am I looking for?’ James
Burke in “The Day the Universe Changed[44]”
If we have a good model, and we have made all these
measurements of different noises, we are now in a position
to put them all together at the error measurement. We use
our best models to filter the noises from their backed out
sources to their effect on the error (with appropriate unit

The quality of the results allow the effort to be put
on the sources that most significantly limit the servo loop
performance. Beyond analyzing the key sources of noise,
present in a current system, the PES Pareto method, because
it gave us noises as open-loop inputs and gave us a method
tho add them independently at the error signal, allowed us
to model the amplification or attenuation of any of these
noise sources. Whether we could make a measurement (say
of increasing the air flow by spinning the disk at a higher
rotational speed) or simply increasing or decreasing a noise
in a particular band of its input or across all frequencies, we
could see what that change would have on our control loop.
For windage (or more generally the disturbance into the
plant) we were able to change the level and measure the new
result with the external sensor (the LDV). This is shown
in the results of Figure 27. On top is the measurement at
the LDV. The middle plot gives the effects of the different
windage levels on PES. The lower plot integrates these to
show the variance. Those variances are summarized in Figure
28. In the case of the Position Sensing Noise (PSN) we could
scale that signal up and down, as shown in Figure 29. The
plots show the potential benefit of dramatically reducing the
PSN, which motivated the work on advanced demodulation.
471

Windage Input Vs. RPM (derived from LDV meas.)

−8

Lynx2 NPES PSD from Various Sources (10−6410Hz)

−6

10

10

PES PSD (Total Computed Baseline)

−9

7200 RPM (120 Hz)

3600 RPM (60 Hz)

9600 RPM (160 Hz)

5400 RPM (90 Hz)

−7

10

−10

10

−11

−8

10

PSD at PES (V^2/Hz)

PSD ((Nm)^2/Hz)

10

−12

10

−13

10

−14

10

−15

10

0

1000

2000

3000
4000
Frequency (Hz)

5000

6000

10

−9

10

−10

10

7200 RPM (120 Hz)

3600 RPM (60 Hz)

9600 RPM (160 Hz)

5400 RPM (90 Hz)

−12

10

From Windage + DAC + ADC + PA

−13

10

−8

10

0

1000

2000

3000
4000
Frequency (Hz)

5000

6000

−10

10

−4

x 10
−12

10

0

1000

Variance (Volts^2)

2000

3000
4000
Frequency (Hz)

5000

1

6000

Lynx2 PES Variance Due to Windage at Different RPM

−4

4

Lynx2 PES Variance from Various Sources (10−6410Hz)

NPES measurement (V^2/Hz) (from psd_sl6k.mat)

Variance at PES (Volts^2)

PES PSD (Volts^2)/Hz

10

From Halved PSN Baseline
From No PSN Baseline

PES generated from Windage (V^2/Hz) (from LDV/Isense)
−6

From Doubled PSN Baseline

−11

10

x 10

3

NPES at 5400 RPM (90 Hz), sigma = 8.7 mV (0.62%)
9600 RPM (160 Hz), sigma = 19.6 mV (1.40%)
7200 RPM (120 Hz), sigma = 10.2 mV (0.73%)
5400 RPM (90 Hz), sigma = 5.1 mV (0.37%)
3600 RPM (60 Hz), sigma = 4.9 mV (0.35%)

2

1

From Doubling PSN Baseline, sigma = 13.8 mV (0.99%)

0.8

0.6
PES Var. (Total Computed Baseline), sigma = 12.2 mV (0.87%)
0.4

From Halving PSN Baseline, sigma = 11.2 mV (0.80%)

0.2

From No PSN Baseline, sigma = 10.2 mV (0.73%)
From Windage + DAC + ADC + PA, sigma = 9.8 mV (0.70%)

0
0

1000

2000

3000
4000
Frequency (Hz)

5000

0
0

6000

Fig. 27. Effects of changing spindle RPM. On top is the measurement
at the LDV. The middle plot gives the effects of the different windage
levels on PES. The lower plot integrates these to show the variance.
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Fig. 29. Effects of changing Position Sensing Noise (PSN). The top
plot gives the effects of the different PSN levels on PES. The lower plot
integrates these to show the variance.
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disturbances can be sensed [11], [12], this also changes
the constraints of the feedback system design. Another
possibility is that many of the sensor signals feeding a
control loop require demodulation and being careful about
the demodulation methods used can dramatically lower the
noise that is allowed into the feedback loop [10],
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IX. S UMMARY
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For the purposes of feedback control, once we have done
everything else right, we are limited [5] by latency around
the loop and by the noise that Bode’s Integral Theorem tells
us we cannot completely eliminate [7]. It follows then that a
key to understanding the limits of performance of our control
system then is to understand the noise environment in which
we operate. The PES Pareto methodology allows us to isolate
different noises as inputs to the system and then to combine
them at specific measurement points – such as the error
signal – so that we can rank the main contributors. While the
method depends upon a few assumptions of linear analysis
and the ability to measure and isolate PSDs of different noise
sources, it is inherently practical and flexible, making use of
whatever measurements are available. As such, the method
is applicable to a wide variety of control systems that lend
themselves to frequency domain analysis. The ability to scale
these independent noise sources, and see the effects of this
at different points around the loop, allow us to localize the
key noise sources that should be the focus of engineering
design effort. We hope that this is helpful.
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Integrated PES PSDs due to Windage.

VIII. M INIMIZING N OISE B EFORE I T E NTERS THE L OOP
One of the take aways from Stein’s explanation of Bode’s
Integral Theorem [7] and the discussion above is that since
attempting to suppress noise at one frequency range will
amplify it in another range, it makes sense to try to minimize
the noise before it enters the loop.
One way to manage this is through greater use of feedforward control when possible. If most of the reference
signal following can be accomplished with a feedforward
component [16], [17], [18] (which does not amplify any
sensor noise), then the feedback loop can be optimized to
minimize the effects of disturbance. Likewise, if external
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